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We prove a colorful version of Hadwiger’s transversal line theorem: if a family of colored
and numbered convex sets in the plane has the property that any three differently colored
members have a transversal line that meet the sets consistently with the numbering, then
there exists a color such that all the convex sets of that color have a transversal line.

1. Introduction

In 1982 (see [1]) Imre Barany observed that some of the classical theorems in
convexity admit interesting and mysterious generalizations which he called
“colorful theorems”. For example, the Colorful Helly Theorem says that if
a family (repetitions of the same sets are allowed) of compact convex sets
in R¥ is colored (properly) with k+1 colors and it has the property that
any choice of k+ 1 differently colored sets have non void intersection, then
there exists a color such that all the convex sets of that color have non
void intersection. In the case that any convex set of the family is repeated
k41 times and they are colored with the k41 colors, we obtain Helly’s
classical theorem. So, the colorful version is indeed a generalization. Barany
attributed this theorem to Laszl6 Lovéasz (see [2] for his elegant proof) and
he proved a colorful version of Carathéodory’s Theorem. Since then, several
papers have been published on this matter. See, for example [3], [7] and [5].

However, in the study of colorful theorems there was a missing piece.
Does Hadwiger’s Theorem on transversal lines to plane convex sets admits
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a colorful version? We will see that the answer is yes. More precisely, the
purpose of this note is to proof the following theorem.

Theorem 1 (Colorful Hadwiger). Let Ai,..., A, be a finite, ordered
family of compact convex sets in the plane colored red, green and blue.
If any choice of differently colored A;, A; and Aj with i < j < k have a
transversal line consistent with the order i < j <k, then there is a color such
that there is a line transversal to all the convex sets of this color.

Let us clarify some details. First, the phrase “consistent with the order i <
J <k” means exactly that A; intersects the convex closure of A;UA;. Second,
the coloring must be surjective: every color is present. Finally, it is not
supposed that A; # A;, i.e. repetitions of the same convex sets are allowed.
With the same argument as above, we see that it is indeed a generalization
of Hadwiger’s Theorem (whose first proof in its full generality is due to
Wenger [8]).

The proof of the Colorful Hadwiger Theorem has three key parts: a geo-
metric, a combinatorial and a topological one. We will explain them in that
order. In Section 2 we introduce balanced colored sign vectors and expose
their key properties for the proof of the theorem. In Section 3 we prove a
property of colored sign vectors which can be stated and proved without any
geometrical interpretation. In the last section we will explain why the fact
that the sphere of dimension 1 is a connected topological space is the final
element for the proof of the theorem.

2. Balanced colored sign vectors

A vector whose coordinates are elements of the set {—,0,+} is called a
sign vector. Given an ordered family Aq,..., A, of convex sets in the plane
and an oriented line /¢ it is natural to construct the separating sign vector
x=(z1,...,%,) whose coordinate x; is zero if £ intersects A;, is positive if A4;
lies in the right open semiplane of ¢ and is negative if A; lies in the left open
semiplane of /.

Let d be a direction in the plane and d* its orthogonal direction
(i.e. (d,d*) is an orthonormal positive ordered basis). Chose any oriented
line /+ in the direction of d+. When we orthogonally project any convex
set A; to the line ¢+ we obtain an interval [pi,q;] and we can think that
p; and ¢; are real numbers. For the ordered family A= (A44,...,A4,,) define
p=Sup{p;} and g =Inf{q;}. Let ¢ be the oriented line in the direction d
which meets £+ in the point (p+¢q)/2. We will call £ the middle line of the
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family A in the direction d. The separating sign vector of the line ¢ will be
called the middle separating sign vector of the direction d.

It is easy to see that the family has no transversal line in the direction d
if and only if ¢ < p. This is equivalent to the property that the middle
separating sign vector has plus and minus coordinates. So, we will say that
a sign vector is balanced when it has plus and minus coordinates.

The opposite of a sign vector x is the vector —x=(—x1,...,—x;,) where
the usual rules (—0=0, —+=— and —— =+) are used. If x is the separating
sign vector of the oriented line ¢, then —x is the separating sign vector of
the same line with the reversed orientation. If a sign vector is balanced, then
the opposite one is as well.

A colored sign vector is a sign vector together with a coloring {1,...,n} —
{red, green, blue} of the indices of its coordinates. Of course, all the separat-
ing sign vectors of a colored family of convex sets are naturally colored with
the same coloring. We will need to extend the concepts of middle separating
sign vectors and balanced sign vectors to the colored case.

Suppose our ordered family A= (A1,...,A,) is now colored. Let d be a
direction and let the line ¢+ and the intervals [p;,q;] be defined as above.
Denote pr =Sup{p; | A; is red} and gr =Inf{g;| A4; is red}. In the same way
we define the real numbers pg,qg and pp,gp for the green and blue convex
sets.

The numbers pr, pe and pg can be in any order. They can even coincide.
Denote by u; one of the smallest of them. Denote by us one of the greatest
of the remaining two. Finally denote by wug the remaining number. So, we
have u; <wug <wug and {uy,u2,us} ={pr,pc,ps}. In the same way we can
define vy, vy and w3 such that vy > ve > vg and {v1,v9,v3} = {¢r,q9c,9B}
Let ¢ be the oriented line in the direction d which meets ¢+ in the point
0= (ug+vy)/2. We will call ¢ the middle line of the colored family A in the
direction d. The colored separating sign vector of the line ¢ will be called
the middle colored separating sign vector of the direction d.

The following two results are easy to check and we will omit their proofs.

Lemma 1. The map that to any direction of the plane assigns the middle
line of the colored family in that direction is continuos.

Lemma 2. If two directions are opposite, then their middle colored sepa-
rating sign vector are opposite.

A colored sign vector will be called balanced if for every two colors, there
is a plus of some of the two colors and a minus of the other color.
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Lemma 3. If the colored family A has the property that any monochro-
matic subfamily has no transversal line in the direction d, then the middle
colored separating sign vector of that direction is balanced.

Proof. Let pr, pa, pB, U1, u2, U3, qr, 9G, 9B, V1, V2, v3 and 6 be as above.
Since there is no transversal line to the red convex sets in the direction d,
then we have pr > ¢r. Analogous arguments give pg >¢gg and pg >gg. We
shall see that us > v9. Indeed, if vy > u9, then v1 > vy > us > uy and this
contradicts the fact that there is a bijection ¢:{1,2,3} —{1,2,3} such that
u; > vy, for i€{1,2,3}.

Denote by x the middle colored separating sign vector of the direction d.
If x is not balanced, then there are two colors say red and green such that
all non zero red and green coordinates are (say) pluses. This implies that
gqr > 0 and gg > 0. Moreover, since ug > vo, then 6 > v9. But gr > v9 and
g > vy contradict the definition of vs.

3. The sign of colored sign vectors

Among all n-dimensional sign vectors there is a natural partial order relation
< defined by x = (z1,...,2,) < X' = (2},...,2}) if and only if (z; # 0) =
(z;=x}). The minimum element of this order relation is the zero vector. For
the case that x and x’ are the separating sign vectors corresponding to the
oriented lines ¢ and ¢’ the relation x <x’ means that ¢’ separates at least the
sets that ¢ does. This relation is important because if the convexr sets are
compact and ¢’ is in a sufficiently small neighborhood of ¢, then ¢ separates
at least the sets that £ does, i.e. the relation x <x" always hold. We will use
the relation x <y among colored sign vectors only if their colorings are the
same.

A colored sign vector x will be called Hadwiger if for every choice i <
J <k of indices with different colors we have that (z;,x;,x)) # (+—+) and
(xi,25,71) # (—+—). If x is the separating sign vector of the colored family
Aq,..., A, and the oriented line ¢, then the property that x is not Hadwiger
means that there exist differently colored ¢ < j < k such that ¢ separates
A;j from the convex closure of A;U Aj. Therefore, if the hypothesis of the
Colorful Hadwiger Theorem holds for the family Aq,...,A,, then any of its
colored separating sign vectors is Hadwiger.

The sign of a sign vector is zero if all its coordinates are zero and in the
other cases, it is equal to the sign of its leading coordinate, this is, the non
zero coordinate with the smallest index.
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Lemma 4. If x <y are both balanced and Hadwiger colored sign vectors,
then they have the same sign.

Proof. Assume that x and y contradict the lemma. Say the sign of x is
plus and the sign of y is minus. Denote by a and b the indices of the leading
coordinates of x and y respectively. Since x <y, then we have b < a. Let
us eliminate all coordinates i such that ¢ <b and b < < a thus obtaining
sign vectors x’ and y’. In this process the signs and the order relation are
preserved. Both x” and y’ are Hadwiger and x’ is balanced. Since x’ <y’ the
vector y’ is balanced too and therefore x’ and y’ also contradict the lemma.
So, without loosing generality we can suppose that b=1 and a=2.

The coordinate 2 is of some color, say blue and since x <y, then xs =
yo =-+. We also know that 1 =0 and y; =—. We divide the proof into two
cases: the coordinate 1 is blue or not.

Suppose the first coordinate is blue. Since y is balanced there must be a
green coordinate (say ¢) such that y;=— and a red coordinate (say j) such
that y;=+. If i <j then (y2,vs,y;) = (+—+) otherwise (y1,y;,y:)=(—+—)
and in both cases we contradict that y is Hadwiger.

Suppose the first coordinate is red. If there exists a green coordinate
(say i) such that x; =y; =—, then (y1,y2,y;) = (—+—) and this contradicts
that y is Hadwiger. So, there is no such coordinate. Since x is balanced and
x <y there must exist a green coordinate (say i) such that x;=y; =+, a red
coordinate (say j) such that 2; =y;=— and a blue coordinate (say k) such
that x, =y = —. If j <4, then (y2,y;,v:) = (+ —+). Hence, i <j. If k <4,
then (yg,v:,y;) = (—+—) otherwise (y1,¥s,yx)=(—+—) and in all cases we
obtain a contradiction.

4. The proof

Suppose that the Colorful Hadwiger Theorem is not true and let Aq,..., A,
be an ordered colored family of compact convex sets in the plane which
contradicts the theorem. Let P (respectively V) be the set of the directions
of the plane such that their middle colored separating sign vector has positive
sign (respectively negative sign). All middle colored separating sign vectors
are Hadwiger and by Lemma 3 are balanced. Since balanced sign vectors
have non zero sign, then PUN is the set of all directions in the plane, which
is homeomorphic to the sphere of dimension 1, denoted by S!. By Lemma 2
both sets P and N are non empty and by their definition they are disjoint.
By Lemma 1, the observation at the beginning of Section 3 and Lemma 4
both sets P and N are open sets. This is a contradiction because S! is a
connected topological space.
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This concludes the proof of the theorem. We shall finish this note with
two remarks. First, observe that hidden along the lines of this note there
is a very simple proof (it seems to be new) of Hadwiger’s Theorem. In this
case, the sign vectors are not colored; the definition of Hadwiger sign vectors
does not require that coordinates are differently colored; the definition of a
balanced sign vector is that there exist plus and minus coordinates; Lemma 4
becomes obvious and we need the sign of middle separating sign vectors (not
colored) to construct the open sets P and N.

Second, observe that it is easy to formulate a colorful version of
the Goodman—Pollak—Wenger Theorem on transversal hyperplanes (see [4]
and [6]). However, the known proof seems to be not adaptable to the col-
orful version. All the data we have (for example, it is true for families of
disjoint convex sets in R?) point to conjecture that the colorful version of
this theorem is true.

References

[1] I. BARANY: A generalization of Carathéodory’s theorem, Discrete Math. 40(2—3)
(1982), 141-152.

[2] I. BARANY and S. ONN: Carathéodory’s theorem, colourful and applicable; in Intuitive
geometry (Budapest, 1995), volume 6 of Bolyai Soc. Math. Stud., pages 11-21, Jénos
Bolyai Math. Soc., Budapest, 1997.

[3] T. BARANY and S. ONN: Colourful linear programming and its relatives, Math. Oper.
Res. 22(3) (1997), 550-567.

[4] J. E. GoopMAN and R. PoLLACK: Hadwiger’s transversal theorem in higher dimen-
sions, J. Amer. Math. Soc. 1(2) (1988), 301-309.

[5] G. KALAI and R. MESHULAM: A topological colorful Helly theorem, Adv. Math.
191(2) (2005), 305-311.

[6] R. PoLLACK and R. WENGER: Necessary and sufficient conditions for hyperplane
transversals, Combinatorica 10(3) (1990), 307-311.

[7] K. S. SARKARIA: Tverberg’s theorem via number fields, Israel J. Math. 79(2-3)
(1992), 317-320.

[8] R. WENGER: A generalization of Hadwiger’s transversal theorem to intersecting sets,
Discrete Comput. Geom. 5(4) (1990), 383-388.

Jorge L. Arocha, Javier Bracho, Luis Montejano

Instituto de Matemdticas

Universidad Nacional Auténoma de Mézico
Ciudad Universitaria

Mézxico D.F. 04510

Mexico

arocha@math.unam.mx, roli@math.unam.mx, luis@math.unam.mx


mailto:arocha@math.unam.mx
mailto:roli@math.unam.mx
mailto:luis@math.unam.mx

	Heading
	1. Introduction
	2. Balanced colored sign vectors
	3. The sign of colored sign vectors
	4. The proof
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [476.000 671.000]
>> setpagedevice


